Abstract. Let G be the simple group PSL(3, 2 p ), where p is a prime number. For any subgroup H of G, we compute the Möbius function µ G (H) of H in the subgroup lattice L of G. To this aim, we describe the intersections of maximal subgroups of G. We point out some connections of the Möbius function with other combinatorial objects, and, in this context, we compute the reduced Euler characteristic of the order complex of the subposet of r-subgroups of PGL(3, q), for any prime r and any prime power q.
Introduction
Let G be a finite group. The Möbius function of G is defined recursively by µ(G) = 1 and
for any H < G. The arithmetic function µ was introduced independently by Weisner [25] and Hall [10] ; in particular, the aim in [10] was to provide a formula for the enumeration of tuples of elements of G which generate G. The argument is the following. For any group K, let σ n (K) and φ n (K) denote respectively the number of ordered n-tuples of elements of K, and the number of ordered n-tuples of elements of K which generate K. Then σ n (G) = H:H≤G φ n (H).
Hence we can apply the Möbius inversion formula (see [24, Proposition 3.7 .1]), which implies φ n (G) = H:H≤G σ n (H) · µ(H).
The seminal work of Hall was then generalized to the broader context of locally finite posets; see the works of Rota [23] and Crapo [4] . Yet, the most studied case remains that of finite groups and many properties have been discovered; see for instance the papers by Kratzer and Thévenaz [15] , Hawkes, Isaacs andÖzaydin [12] , and Pahlings [21] .
Important results are known in the literature which relate the Möbius function of G to normal subgroups of G. For instance, Weisner [25] proved that, for any normal subgroup N of G, µ(N ) coincides with the Möbius function of {1} in the subgroup lattice of G/N . Also, the number of generating n-tuples of elements of G is equal to the number of generating n-tuples of elements of G/Φ(G) multiplied by |Φ(G)| n , where Φ(G) is the Frattini subgroup of G; see [22, Corollary 1.7] . If G is soluble, then the value of µ(H) was related to a certain chief series of G by Kratzer and Thévenaz [15, Theorem 2.6] ; if in particular G is nilpotent, then the Möbius function of G is completely known, see [15, Proposition 2.4] .
Another context where Möbius function is involved is related to profinite groups. In [18] and [19] Mann conjectured that in a positively finitely generated profinite group G, the number |µ(H)| is bounded by a polynomial function in [G : H] and the number b n (G) of subgroups H of index n satisfying µ(H) = 0 grows at most polynomially in n. This conjecture would imply that in any positively finitely generated group G the infinite sum H≤oG µ(H, G) | G : H | s is absolutely convergent in some half complex plane, where H ranges over all open subgroups of G; moreover, it expresses the probability of generating G with k elements when k is a large enough positive integer in the domain of convergence. The conjecture of Mann was reduced to the following conjecture by Lucchini [17] : there exist two constants c 1 , c 2 ∈ N such that, for any finite monolithic group G with non-abelian socle,
• |µ(H)| ≤ [G : H] c1 for any H < G such that G = H soc(G), and • for any n ∈ N, the number of subgroups H < G of index n in G satisfying G = H soc(G) and µ(H) = 0 is upper bounded by n c2 .
This conjecture was proved in the case of alternating and symmetric groups [3] . Not very much is known on the exact values of µ(H) when G is a simple group; up to our knowledge, the only infinite families of non-abelian simple groups for which the Möbius function is completely known are the following.
• The groups PSL(2, q); for q prime see [10] , for any prime power q see [6] , where also the groups PGL(2, q) are completely worked out.
• The Suzuki groups Sz(q) for any odd power q of 2; see [8] .
• The Ree groups Ree(q) for any odd power q of 3; see [22] .
• The 3-dimensional unitary groups PSU(3, 2 2 n ) for any n > 0; see [26] .
For any of these families Mann's conjecture is verified. In this paper we consider the case of 3-dimensional projective general linear groups PGL(3, q); again, Table 1 confirms Mann's conjecture when q = 2 p with prime p.
The main result of the paper, Theorem 3.2, provides the Möbius function of the simple group G = PSL(3, 2 p ) for any odd prime p; note that G = PGL(3, 2 p ). The subgroups with non-zero Möbius functions are summarized in Tables 1 for p odd. For the sake of completeness, Table 2 summarizes the case p = 2, which is obtained computationally using Magma [1] .
Throughout the paper we will use the following group-theoretic notation : C d denotes a cyclic group of order d; E d denotes an elementary abelian group of order d; Sym(n) and Alt(n) denote respectively the symmetric and the alternating group of degree n; S r denotes a Sylow r-subgroup of the group G under consideration; H. K denotes a non-split extension of H by K.
In order to prove Theorem 3.2, the intersections of maximal subgroups of G, their conjugacy classes and normalizers are carefully investigated, and determined; for each subgroup, the Möbius function is computed. To this aim, we apply geometric arguments regarding the geometry of G and its subgroups in their natural action on the plane PG(2, q) over F q , and more generally in their action on the plane PG(2, F q ) over the algebraic closure of F q .
In Section 4, we will consider another combinatorial object, namely the simplicial complex associated with a finite poset P, which is related to the Möbius function: the Möbius function can be used to compute the reduced Euler characteristicχ(∆(P)) of the order complex ∆(P) of P. We work out this computation when P is the poset L r of r-subgroups of PGL(3, q) ordered by inclusion, for any prime power q and any prime r. The results are summarized in Table 3 .
Finally, we point out that the Möbius function of a finite group G has connections with various objects in different areas of mathematics, in which the Möbius inversion formula turns out to be applicable. We list some examples of computations for which the Möbius function of G applies. (Eq . E q 2 ) ⋊ (Cq−1 × Cq−1) an Fq-rational point P and an Fq-rational line ℓ, P ∈ ℓ H 1 GL(2, q) an Fq-rational point P and an Fq-rational line ℓ, P / ∈ ℓ H 1
Eq ⋊ (Cq−1 × Cq−1) two Fq-rational points and two Fq-rational lines H −1
(Cq−1 × Cq−1) ⋊ C2 an Fq-rational triangle and one of its vertexes H 1 (C2 × C2) ⋊ Sym(3) a subplane Π of order 2 and a point of Π H 1 (C2 × C2) ⋊ Sym(3) a subplane Π of order 2 and a line of Π H 1 C7 ⋊ C3 a subplane Π of order 2 and a triangle not in Π H 1 C4 ⋊ C2 a subplane Π of order 2, a point P and a line ℓ, P ∈ ℓ Eq . E4 − q 2 Table 2 . Subgroups H of G = PSL(3, 4) with µ(H) = 0 • The number of smooth epimorphisms from a free group of finite rank to the group G; see [8] .
• The number of regular unramified coverings of the sphere minus three points with covering group G; see [7] .
• The number of isomorphism classes of graphsΓ which are a G-covering of a given graph Γ; see [16] .
• The number of isomorphism classes of orientably regular hypermaps with automorphism group G; see [7] .
• The number of regular dessins d'enfant with automorphism group G; see [9] .
• The structure of the group of units of the finite monoid of all cellular automata over the configuration space A G , for a given finite set A; see [2, Section 4].
The paper is organized as follows. Section 2 contains preliminary results on the Möbius function of a finite group, and on the groups PGL(3, q). In Section 3 the main result on the Möbius function of PSL(3, 2 p ) is stated, namely Theorem 3.2. Section 4 develops the already mentioned connections between the results Table 3 . Reduced Euler characteristic of the order complex of the poset of r-subgroups of PGL(3, q)
on the Möbius function and some enumeration problems for other combinatorial objects. Finally, Section 5 provides the proof of Theorem 3.2.
Preliminary results
Let (P, ) be a locally finite poset. The Möbius function µ P : P × P → Z can be defined recursively by
For x ≺ y, the Möbius function is equivalently defined by
We will consider the poset P = L of subgroups of a finite group G, ordered by inclusion; L is a lattice with greatest element G and least element {1}. We call µ L (H, G) the Möbius function of H ≤ G and we denote it simply by µ(H). The function µ : L → Z, H → µ(H) will be called the Möbius function of G. Clearly, two conjugated subgroups H and K of G satisfy µ(H) = µ(K). The following property also holds, and restricts the investigation to the intersections of maximal subgroups of G. Another elementary result on the computation of the Möbius function is the following.
Now let q be a prime power; we consider the group PGL(3, q). Note that, when q = 2 p with p an odd prime, PGL(3, q) = PSL(3, q).
The classification of subgroups of PGL(3, q) goes back to Mitchell [20] for q odd and to Hartley [11] for q even. We refer to [20, 11, 14] for the proof of the following classical results, and to [13] for a general reference on projective planes. Theorem 2.3. For any prime power q, the following are maximal subgroups of PGL(3, q), and they are unique up to conjugation:
(1) the stabilizer of an F q -rational point, of order q 3 (q−1) 2 (q+1); it is somorphic to (E q 2 ⋊C q−1 ) . PSL(2, q); (2) the stabilizer of an F q -rational line, of order q 3 (q−1) 2 (q+1); it is isomorphic to (E q 2 ⋊C q−1 ) . PSL(2, q); (3) the stabilizer of an F q -rational triangle, of order 6(q−1)
2 ; it is isomorphic to (C q−1 ×C q−1 )⋊Sym(3); (4) the stabilizer of an F q 3 \ F q -rational triangle, of order 3(q 2 + q + 1); it is isomorphic to C q 2 +q+1 ⋊ C 3 .
If q = 2 p with p an odd prime, the only other maximal subgroup of PGL(3, q) up to conjugation is the following.
• the stabilizer of a subplane of order 2, of order 168 and isomorphic to PSL (3, 2) .
Looking to the order of the maximal subgroups (1) to (4) in Theorem 2.3 it follows immediately that every Sylow subgroup of PGL(3, q) in contained in one of the maximal subgroups (1) to (4) in Theorem 2.3.
For the reader's convenience, we recall in Remark 2.4 which points, lines or triangles in PG(2, F q ) are stabilized by any element σ ∈ PGL(3, q), in terms of ord(σ).
Remark 2.4. Let q be a power of a prime p and σ ∈ PGL(3, q) \ {1}. Then one of the following cases holds.
• ord(σ) = p and σ is an elation, i.e. σ stabilizes every line through an F q -rational point C and every point of an F q -rational line ℓ passing through C; C and ℓ are called the center and the axis of σ.
• ord(σ) = p = 2, or p = 2 and ord(σ) = 4. Also, σ stabilizes exactly one point P and one line ℓ; both P and ℓ are F q -rational, and P ∈ ℓ.
• ord(σ) | (q − 1) and σ is a homology, i.e. σ stabilizes every line through an F q -rational point C and every point of an F q -rational line not passing through C; C and ℓ are the center and the axis of σ.
; σ stabilizes two F q -rational points C and P , the line CP , and another F q -rational line passing through P . • 2 = ord(σ) | (q − 1) and σ stabilizes three non-collinear F q -rational points P, Q, R and the lines P Q, P R, QR.
• ord(σ) | (q 2 − 1) and ord(σ) ∤ (q − 1). Also, σ stabilizes an F q -rational point P and two F q 2 \ F qrational points Q, R which are conjugated under the F q -Frobenius collineation: Q q = R, R q = Q; σ stabilizes the F q -rational line QR and the F q 2 \ F q -rational lines P Q and P R.
• ord(σ) | (q 2 + q + 1) and σ stabilizes three non-collinear F q 3 \ F q -rational points P, Q, R which are an orbit of the F q -Frobenius collineation: P q = Q, Q q = R and R q = P (up to relabeling); σ stabilizes the F q 3 \ F q -rational lines P Q, P R, QR.
In the following Remark 2.5 we list some of the transitive actions of PGL(3, q), other than the natural 2-transitive faithful action on the q 2 + q + 1 points of PG(2, q).
Remark 2.5. Let q be a prime power and G = PGL(3, q).
• G is 2-transitive on the points of PG(2, q).
• G is transitive on the points of PG(2, q 2 ) \ PG(2, q); the stabilizer in G of a point P ∈ PG(2, q 2 ) \ PG(2, q) stabilizes also its Frobenius conjugate P q .
• G is transitive on the points of PG(2, q 3 ) \ PG(2, q); the stabilizer in G of a point P ∈ PG(2, q 3 ) \ PG(2, q) stabilizes also its Frobenius conjugates P q and P q 2 .
• G is 2-transitive on the F q -rational lines.
• G is transitive on the pairs (P, ℓ), where P is an F q -rational point and ℓ an F q -rational line with P ∈ ℓ.
• G is transitive on the pairs (P, ℓ), where P is an F q -rational point and ℓ an F q -rational line with P / ∈ ℓ.
• G is transitive on the F q -rational triangles, i.e. on the triples {P, Q, R} of non-collinear points in PG(2, q).
on the triples {P, P q , P q 2 } with P ∈ PG(2, q 3 ) \ PG(2, q).
• G is transitive on the projective frames of PG(2, q), i.e. on the 4-tuples of F q -rational points no three of which are collinear.
3. The Möbius function of PSL(3, 2 p ) for any odd prime p
We state the main result, namely Theorem 3.2, explaining the general method to prove it. The proof of Theorem 3.2 is worked out in Section 5. The following general result is useful in the computation of the Möbius function. 
Proof. Let P be the sublattice of the subgroup lattice of G whose elements are G and the intersections of maximal subgroups of G containing H, and Q be the lattice of all subsets of {1, . . . , n} ordered by inclusion. Clearly µ(H) = µ P (H, G) by Theorem 2.1. For any subset I of {1, . . . , n}, set f (I) = ∩ i / ∈I M i . Then f is an order-preserving map from Q to P. Assume that f (I 1 ) = f (I 2 ) with I 1 = I 2 , so that (up to relabeling) there existsī In the following, we assume that p is an odd prime, q = 2 p and G = PSL(3, q) = PGL(3, q). The main argument in the proof is to find which subgroups of G are intersection of maximal subgroups. Roughly speaking, we start with the intersection of two maximal subgroups M 1 and M 2 . Through the geometry of M 1 and M 2 , we determine the group-theoretic structure of M 1 ∩ M 2 so that we are able to identify which other maximal subgroups of G contain M 1 ∩ M 2 ; also, we study whether the group M 1 ∩ M 2 is unique up to conjugation in G. Clearly, the group M 1 ∩ M 2 may vary when M 1 and M 2 run in their conjugacy classes. For instance, if M 1 is the stabilizer of a point P ∈ PG(2, q) and M 2 is the stabilizer of an F q -rational triangle T , then:
, and examine the resulting subgroup. We continue by intersecting with other maximal subgroups, stopping when the geometry of the chosen maximal subgroups forces their intersection to be trivial; for example, this is the case when we intersect the stabilizers of four points no three of which collinear. 
For any group in Equations (1) and (2) there is exactly one conjugacy class in G. The subgroups H in (1) are maximal and self-normalizing; the normalizers N G (H) of H in G for the groups H in Equation (2) are, respectively:
For the groups H in Equation ( p ) with p an odd prime, H ≤ G with µ(H) = 0; denote by |H| n the number of elements of order n in H. We determine and collect in Table 4 the values |H| n for any n ∈ {2, 3, 4, 7} Note that G has no elements of order 5 or 6. Table 4 . Number of elements of order 2, 3, 4, 7 in the subgroups H ≤ PSL(3, q), q = 2 p , p an odd prime, with µ(H) = 0.
For any integer k ≥ 3 , the Hecke group H k is the free product C 2 * C k of cyclic groups of order 2 and k. In particular, H 3 is the modular group PSL(2, Z). Let d 2,k (G) be the number of torsion-free normal subgroups
see [8] . For G = PSL(3, 2 p ) with odd prime p, |Aut(G)| = |PΓL(3, q)| = p|G|; by direct computation using Theorem 3.2 and Table 4 , we get
Let d k (G) be the number of normal subgroups N of the free group F k of finite rank k such that F k /N ∼ = G. Then
see [8] . For instance, by direct computation,
The value d 2 (G) is useful to count many other objects, for instance:
is the number of regular unramified coverings of the sphere minus three points with covering group G (see [8] ); • if G is a simple group, then d 2 (G) is the largest positive integer such that G d2(G) is 2-generated (see for example [10] , [5] 
is the number of Grothendieck regular dessins d'enfants with automorphism group G (see [9] ); • d 2 (G) is the number of orientably regular hypermaps with automorphism groups (see [7] ). We mention another application of d k (G) in topological graph theory; see [16] for the details. Let Γ be a connected simple graph with vertex set V (Γ) and edge set E(Γ), and let β = |E(Γ)| − |V (Γ)| + 1 be the first Betti number of Γ. Let Isoc(Γ; G) be the number of isomorphism classes of connected simple graphsΓ such thatΓ admits G as an automorphism group acting semiregularly onΓ and the quotient graphΓ/G is isomorhic to Γ. Then Isoc(Γ; G) = d β (G). Now let (P, ) be a finite poset. The order complex ∆(P) of P is defined as the simplicial complex whose vertices are the element of P and whose k-dimensional faces are the chains a 0 ≺ a 1 ≺ · · · ≺ a k of length k of distinct elements a 0 , . . . , a k ∈ P.
Denote byP the finite poset obtained from P by adjoining a least element0 and a greatest element1. Then the Möbius function is related toχ(∆(P)) by the following proposition, which essentially restates a result by Hall [10] on the computation of µP (0,1) by means of the chains of even and odd length between0 and1. 
For any prime number r, let L be the subgroup lattice of a finite group G ordered by inclusion; we define L r to be the subposet of L whose elements are the nontrivial r-subgroups of G. Consider the poset L r ∪{{1}} obtained by adding a least element to L r , namely the trivial subgroup {1} of G. Then, by Proposition 4.1,
Note that, for any H, K ∈L r , we have µL For rest of this section, q is any prime power and G is the group PGL(3, q). We determineχ(∆(L r )) for any prime number r. 
and gcd(q − 1, q 2 + q + 1) ∈ {1, 3}, the divisibility conditions in the claim of the proposition are exhaustive and pairwise incompatible.
• Suppose r | q, i.e. r is the characteristic of F q . Then H ≤ G is an elementary abelian r-subgroup if and only if the elements of H are elations with the same center or the same axis. We denote by E p s an elementary abelian subgroup of order p s . Let N ac (i) be the number of subgroups E p i whose elements have both the same axis and center. Also, let N a (i) (resp. N c (i)) be the number of subgroups E p i whose elements have a common axis (resp. center) but not a common center (resp. axis). By duality, N a (i) = N c (i) for any i. Also, the subgroup of all elations with both the same axis and center is a E q , while the subgroup of all elations with a given axis (resp. center) is a E q 2 . Using the Gaussian coefficient, this implies
A direct computation using the property
yields the claim.
• Suppose r | (q 2 + q + 1) and r = 3. Then S r is contained in a maximal subgroup C q 2 +q+1 ⋊ C 3 of G and hence is cyclic. The maximal subgroups C q 2 +q+1 ⋊ C 3 are conjugated, self-normalizing in G, and uniquely determined by their characteristic subgroup C r . Hence, there are exactly [G :
subgroups C r in G, and no other r-subgroup H of G satisfies µ Lr ({1}, H) = 0.
• Suppose r | (q + 1) and r = 2. Then S r is contained in a group C q+1 and hence is cyclic. A subgroup C q+1 of G is uniquely determined by its fixed points P ∈ PG(2, q) and Q, R ∈ PG(2, q 2 ) \ PG(2, q), where Q and R are conjugated under the F q -Frobenius collineation. Hence, we have q 2 + q + 1 choices for P , and then q 2 choices for the line QR and
• Suppose r | (q − 1) and r / ∈ {2, 3}. Then S r is contained in a maximal self-normalizing subgroup G T = (C q−1 ×C q−1 )⋊Sym(3); hence, the elementary abelian r-sbgroups of G have size at most r 2 . A subgroup C r ×C r is contained in exactly one group G T ; thus, G has exactly [G :
subgroups C r × C r . A subgroup C r made by homologies is uniquely determined by its center and its axis; hence, there are exactly (q 2 + q + 1)q 2 groups C r of homologies in G. A subgroup C r not made by homologies stabilizes pointwise an F q -rational triangle T . The group G T contains exactly 3 groups C r of homologies and
groups C r not of homologies. Altogether,
• Suppose r = 2 and q odd. Every involution of G is a homology; see [20] . Then the number of subgroups C 2 in G is equal to the number of choices of the center and axis of an involution, that is (
is made by pairwise commuting homologies; hence, H is uniquely determined by the F q -rational triangle that H stabilizes pointwise. Then the number of subgroups
. No more than 3 homologies of the same order in PSL(3, q) can commute pairwise, because they stabilize the center and axis of each other, and the homology of a given order, center and axis is unique. Hence, there is no elementary abelian 2-subgroup of order greater than 4 in PGL(3, q). Thus,
• Suppose r = 3 | (q − 1). Then r | (q 2 + q + 1), and the elements of order 3 are either homologies, or stabilize pointwise an F q -rational triangle, or stabilize pointwise an F q 3 \ F q -rational triangle. The number of homologies of order 3 is q 2 (q 2 + q + 1). The number of elements of order 3 stabilizing an
, because there is a unique group C 3 not of homologies stabilizing pointwise T . The number of elements of order 3 stabilizing an
. Altogether, the number of elements of order 3 in G is
for any q, the order of S 3 divides 6(q − 1) 2 ; hence, H is contained in the maximal subgroup G T of G for some F q -rational triangle T = {P, Q, R}. Note that any element of H acts either trivially or with a 3-cycle on the vertices of T .
Suppose that H contains a homology, with center C. Then C ∈ T and H stabilizes C; hence, H is the unique subgroup C 3 × C 3 stabilizing T pointwise. Thus, the number of subgroups
Suppose that H does not contain any homology. The group H contains a nontrivial element σ stabilizing T pointwise; in fact, if H = α, β and α, β do not stabilize T pointwise, then either αβ or αβ 2 is a nontrivial element stabilizing T pointwise. Hence, H = σ, τ where σ and τ act respectively trivially and with a 3-cycle on T . Up to conjugation, T is the fundamental triangle and σ = diag(λ, λ 2 , 1), where λ ∈ F q has order 3. Then we can assume
where µ, ρ ∈ F * q ; if this is not the case, replace τ by τ 2 . Note that the short orbits of H in PG(2, F q ) are exactly the four distinct triangles T, T 1 , T 2 , T 3 stabilized pointwise by a subgroup C 3 of H.
o(AB) , respectively. Therefore, σ is contained in exactly subgroups C 3 × C 3 which stabilize four F q -rational triangles; and σ is contained in exactly subgroups C 3 × C 3 which stabilize one F q -and three F q 3 \ F q -rational triangles. Viceversa, any group C 3 × C 3 ≤ G stabilizing only F q -rational triangle (resp. one F q -and three F q 3 \ F q -rational triangles) contains exactly 4 subgroups (resp. 1 subgroup) C 3 stabilizing pointwise an F q -rational triangle. Then, a double counting argument shows that G contains exactly:
C 3 ×C 3 with no homology and only F q -rational fixed triangles; [G :
Altogether, the number of subgroups
. The claim now follows by direct computation.
Proof of Theorem 3.2
We use the same notation as in Section 3. The proof of Theorem 3.2 is divided into the following steps: we prove that for any group H in Equations (1) and (2), G = PSL(3, 2 p ) has exactly one conjugacy class and we determine the normalizer of H in G (Proposition 5.1), we show that the non-maximal subgroups of G which are intersection of maximal subgroups of G are exactly the groups in Equation (2) (Propositions 5.2 and 5.3), and finally we determine µ(H) for any H in Equation (2) (1) and (2) . Then G has exactly one conjugacy class of subgroups of the type of H. Also, the subgroups H in Equation (1) are self-normalizing, while the normalizer of the subgroups H as in Equation (2) is given in Equation (3).
Proof. The groups in (1) are maximal, so that µ(H) = −1 for H in (1). By Theorem 2.3, for each of them there is just one conjugacy class and as G is simple, they are self-normalizing.
Let α 1 , α 2 ∈ G be two involutions, so that α i is an elation, with axis and center (ℓ i , P i ). Also, α i is uniquely determined by its center, a point Q i ∈ ℓ i with Q i = P i , and its action on a third F q -rational point R i / ∈ ℓ i . Since G is transitive on the triples of F q -rational non-collinear points, α 1 and α 2 are cojugated.
Let H = C 2 . Up to conjugation, H = α with
As the elation α has center P = (1, 0, 0) and axis ℓ : Z = 0, the normalizer N G (H) = C G (H) stabilizes P and ℓ, so that
Note that the subgroup S 2 of N G (H) is made by the elements of order 4 stabilizing P and ℓ, and by the involutions with center P or axis ℓ; a subgroup C q−1 of N G (H) is made by homologies with a common center lying on ℓ and a common axis passing through P . • • Take two elements α 1 , α 2 ∈ G of order 3; note that 3 divides (q + 1). Let P i ∈ PG(2, q) and
be the fixed points of α i ; recall that Q i and R i are conjugated under the Frobenius collineation Φ q , so that the line ℓ i = Q i R i is F q -rational. Then (P 1 , ℓ 1 ) and (P 2 , ℓ 2 ) coincide up to conjugation in G. The factor group of the stabilizer S of (P 2 , ℓ 2 ) in G over the kernel in its action on ℓ 2 acts as PGL(2, q) over ℓ 2 ; hence, S is transitive on the couples {Q, Φ q (Q)} where Q runs over the F q 2 \ F q -rational points of ℓ 2 . Then (P 1 , Q 1 , R 1 ) = (P 2 , Q 2 , R 2 ) up to conjugation in G. Since the pointwise stabilizer of (P 2 , Q 2 , R 2 ) in G is cyclic of order q 2 − 1, this implies that any two groups C 3 are conjugated in G.
Let H = C 3 . Up to conjugation, H = α with
Hence, α stabilizes P = (1, 1, 1), Q = (ξ, ξ −1 , 1), and R = (ξ −1 , ξ, 1), where ξ ∈ F q 2 \ F q is a primitive third root of unity. Thus, N G (H) stabilizes P and acts on {Q, R}. Since the pointwise stabilizer S of {P, Q, R} in G is cyclic of order q 2 − 1, we have N G (H) = S ⋊ β ∼ = C q 2 −1 ⋊ C 2 , where β ∈ G is any involution stabilizing P and interchanging Q and R.
• Let H = E 4 = α 1 × α 2 ≤ G P1,P2,P3 , where P 1 , P 2 , P 3 are distinct collinear F q -rational points;
denote by ℓ the line P 1 P 2 P 3 ; for any i = 1, 2, 3 let α i be the elation in H with axis ℓ and center P i ; here, α 3 = α 1 α 2 . For any P ∈ PG(2, q) \ ℓ, F = {P 1 , P 2 , P, α 3 (P )} is a projective frame. This implies that H is unique up to conjugation in G, once we prove that F determines H uniquely. The elation α 2 is uniquely determined by its axis ℓ, its center P 2 , and the image α 2 (P ) = P 2 P ∩ P 1 α 3 (P ) of P ; similarly, α 1 is uniquely determined by F . Then F determines H, and H is unique up to conjugation in G.
The normalizer N G (H) acts on {P 1 , P 2 , P 3 }, and the action of N G (H) on {P 1 , P 2 , P 3 } corresponds to the action of N G (H) on {α 1 , α 2 , α 3 } by conjugation. The stabilizer of ℓ = P 1 P 2 P 3 in G has kernel K = E q 2 ⋊ C q−1 ; the elements of E q 2 arel elations with axis ℓ, while the elements of C q−1 are homologies with axis ℓ; also, N K (H) = C K (H). This implies that no homology σ ∈ C q−1 lies in N G (H) (because no elation in H can stabilize then center of σ), while E q 2 ≤ N G (H) (because two elations commute if and only if they have the same center or the same axis). In addition, any element of G stabilizing {P 1 , P 2 , P 3 } pointwise lies in K. Thus, E q 2 ⊳ N G (H) and N G (H)/E q 2 acts on {P 1 , P 2 , P 3 } as a subgroup of Sym(3). Up to conjugation in G,
Then H is normalized (not centralized) by the involution σ and the element τ of order 3 defined by
, where ℓ 1 , ℓ 2 , ℓ 3 are three concurrent F q -rational points, say P = ℓ 1 ∩ ℓ 2 ∩ ℓ 2 ; also, for any i = 1, 2, 3 one of the three elation sin H have axis ℓ i and center P . A dual argument with respect to the one used in the previous point, shows that H is unique up to conjugation in G, and that N G (H) ∼ = E q 2 ⋊ Sym(3).
• Let α 1 , α 2 ∈ G have order 4. Let P i and ℓ i be the F q -rational point and line stabilized by α i . Then α i is uniquely determined by its action on P i , Q i , R i , for any Q i ∈ ℓ i (F q ) and R i ∈ PG(2, q) \ ℓ i . It follows that α 1 and α 2 are conjugated in G since {P i , Q i , R i } is contained in a projective frame of PG (2, q) ; hence, G has a unique conjugacy class of subgroups C 4 . Let H = C 4 . Up to conjugation, H = α with
. By direct checking, σ λ,a,b,c ∈ N G (H) if and only if λ = 1 and either a = c + 1 or a = c; thus, |N G (H)| = 2q
2 . Also, the center of
As shown in a previous point, α is unique up to conjugation in G. Let P ∈ PG(2, q) and Q, R ∈ PG(2, q 2 ) \ PG(2, q) be the fixed points of α; then β stabilizes P and interchanges Q and R. The factor group of the pointwise stabilizer S THE MÖBIUS FUNCTION OF PSL(3, 2 p ) FOR ANY PRIME p 13
of {P, Q, R} in G over the kernel in its action on the q + 1 F q -rational points of QR acts as PGL(2, q) on these q + 1 points. Thus, up to conjugation in S, the point of intersection between QR and the axis of β is unique; hence, β is unique up to conjugation in S. Therefore, G has a unique conjugacy class of subgroups Sym(3). Let C q−1 be the subgroup of G made by the homologies with center P and axis QR. Then C q−1 centralizes α and β; looking to the structure of the normalizers of groups C 2 and C 3 , we get that N G (H) contains C q−1 × H. Since the subgroup of G stabilizing P and QR pointwise is C q−1 , the group N G (H)/C q−1 acts faithfully on QR as a subgroup of PGL(2, q). Since N G (H) acts on {Q, R} and on the three points of QR fixed by some involution of H, we have
, according to p > 3 or p = 3, respectively. If p = 3, then by direct checking with Magma the subgroups C 7 of the conjugated subgroups PSL(3, 2) form a unique conjugacy class in G. If p > 3, H is the unique subgroup C 7 of G T , and all subgroups G T are conjugated. Hence, H is unique up to conjugation in G.
8 since PSL(3, 2) does). As shown above, we can assume up to conjugation in G that 
• Let H = α ⋊ β ≤ G, H ∼ = C 7 ⋊ C 3 (G contains subgroups of this type since PSL(3, 2) does). If p = 3, then by direct checking with Magma, H is unique up to conjugation and self-normalizing in G. Let p > 3, so that 7 | (q 2 + q + 1). Then H is contained in a maximal subgroup M = C q 2 +q+1 ⋊ C 3 which is unique up to conjugation in G; also, M contains a unique subgroup C d ⋊ C 3 for any divisor d of q 2 + q + 1. Hence, H is unique up to conjugation in G. The normalizer of H in G stabilizes the F q 3 -rational triangle fixed pointwise by H, so that N G (H) ≤ M and N G (H) = C m ⋊ C 3 for some multiple m of 7. As the Sylow 3-subgroups of G are cyclic, the 2m 3-elements of N G (H) act by conjugation on the 3-elements of H without fixed points; thus, m = 7 and N G (H) = H.
, H ≤ G ℓ for some F q -rational line ℓ, where α 1 , α 2 , α 3 are involutions and β has order 3; G contains such a subgroup H as the intersection between a subgroup PSL(3, 2) and the maximal subgroup G ℓ , where ℓ is one of the seven F q -rational lines fixed by some element of PSL(3, 2). The elations α 1 and α 2 do not have the same center and the same axis; otherwise β stabilizes both the F q -rational center and the F q -rational axis through it, a contradiction as o(β) | (q + 1). Hence, α 1 , α 2 have the same axis ℓ but different centers P 1 , P 2 ∈ ℓ. Denote by P 3 ∈ ℓ the center of α 3 := α 1 α 2 . Then {P 1 , P 2 , P 3 } is an orbit of β and determines uniquely the action of β (or β 2 ) on ℓ, in particular the fixed points Q, R of β on ℓ; hence, {P 1 , P 2 , P 3 , P } determines uniquely β , where P / ∈ ℓ is the only F q -rational fixed point of β. Since γ normalizes β and α 1 × α 2 , the axis of γ passes through P and the center of γ is one of the P i 's; up to replacing γ with βγ or β 2 γ, we can assume that γ has center P 1 . Since γ interchanges Q and R, γ is then uniquely determined by {P 1 , P 2 , P 3 , P }. To sum up, H is uniquely determined by {P 1 , P 2 , P 3 , P }. Since G is transitive on the 4-subsets {A, B, C, D} of PG(2, q) such that A, B, C are collinear while D is not collinear with them, this implies that H is unique up to conjugation in G. Let Π ⊂ PG(2, q) contain the centers of the involutions in H and the F q -rational fixed points of the elements or order 3 in H. Since H is a maximal subgroup of a subgroup PSL(3, 2), Π is a subplane of order 2 of PG(2, q), in particular Π contains a projective frame of PG (2, q) ; hence, the centrilizer of H is trivial. Since Aut(H) = H by direct checking with Magma, this implies N G (H) = H.
• Let H ∼ = E 4 ⋊ Sym(3), H ≤ G P for some F q -rational point P . A dual argument with respect to the one used in the previous point shows that H is a maximal subgroup of a subgroup PSL(3, 2) of G, H is unique up to conjugation in G, and N G (H) = H. Pq+1,ℓ1,. ..,ℓq+1 , where P 1 , . . . , P q+1 ∈ PG(2, q) are collinear points and ℓ 1 , . . . , ℓ q+1 are F q -rational lines distinct from the line ℓ through P 1 , . . . , P q+1 . Then H is made by the homologies of G with axis ℓ and common center P ∈ PG(2, q) \ ℓ. Clearly G is transitive on the F q -rational non-incident point-line couples (P, ℓ) in PG(2, q); thus, H is unique up to conjugation in G.
We can assume α = diag(λ, 1, 1) where λ has order q − 1, so that P = (1, 0, 0) and ℓ : X = 0. The subgroup N G (H) stabilizes P and ℓ; hence,
• Let H ∼ = E q , H < G P1,...,Pq+1,ℓ:1,...ℓq+1 , where P 1 , . . . , P q+1 ∈ PG(2, q) are collinear points and ℓ 1 , . . . , ℓ q+1 are lines concurrent in P 1 . Then E q is made by the elations of G with center P 1 and axis ℓ, where ℓ is the line through P 1 , . . . , P q+1 . Clearly G is transitive on the F q -rational incident point-line couples in PG(2, q); thus, H is unique up to conjugation in G. We can assume
Also, N G (H) stabilizes P 1 and ℓ; hence, N G (H) does not contain nontrivial elements whose order divides q + 1, because P 1 ∈ ℓ. Together with
• Let H = α ≤ G, H ∼ = C 2(q−1) . As shown above, the subgroup α 2 of order q − 1 is unique up to conjugation in G. Also, the involutions of N G ( α 2 ) form a unique conjugacy class, because the same happens in N G ( α 2 )/ α 2 ∼ = PSL(2, q). Then H is unique up to conjugation in G; assume
• Let P, C ∈ PG(2, q), P = C, ℓ 1 , . . . , ℓ q+1 be distinct lines concurrent in C, and H = G ℓ1,...,ℓq+1,P . Then H = E q ⋊ C q−1 , where no nontrivial elements of E q and C q−1 commute. In fact, H contains exactly the elations E q of center C and axis CP , and the homologies with center C and axis passing through P ; such homologies form subgroups C q−1 which are conjugated under E q , because E q acts regularly on the q F q -rational lines through P different from CP . Thus, H = E q ⋊ C q−1 and no nontrivial elation and homology in H commute, as required. The 2-transitivity of G on the points of PG(2, q) implies that H is unique up to conjugation in G; assume
The group N G (H) acts on the lines through C, and stabilizes C and P . Together with
2 , because the elations with axis CP form a group E q 2 and no nontrivial element of order dividing q + 1 stabilizes two distinct F q -rational points. By direct checking,
• With a dual argument with respect to the one used in the previous point one shows that G contains a unique conjugacy class of subgroups H such that H ∼ = E q ⋊ C q−1 and H = G P1,...,Pq+1,ℓ , where ℓ is an F q -rational line and P 1 , . . . , P q+1 are F q -rational collinear points on a line different from ℓ; also,
Then there exist an F q -rational non-degenerate triangle T = {P, Q, R} such that H is the pointwise stabilizer of T in G. Since G is transitive on such triangles, H is unique up to conjugation in G. The normalizer N G (H) acts on T ; since H is a characteristic subgroup of the maximal subgroup M of G stabilizing T , this implies
As in the previous point, H ≤ G T where T = {P, Q, R} is an F q -rational non-degenerate triangle and α, β is the pointwise stabilizer of T in G; hence, the elation γ stabilizes one vertex of T , say P , and interchanges Q and R. Let S be an F q -rational point on the axis of γ, S not on the sides of T . Then {P, Q, R, S} is a projective frame of PG(2, q) and determines H uniquely; thus, H is unique up to conjugation in G. The normalizer N G (H) acts on T and stabilizes P . Thus, the pointwise stabilizer The subgroup E q of H is made by elations, all of them having the same axis or the same center. Suppose that they have the same axis ℓ; then any complement C q−1 × C q−1 stabilizes ℓ. Consider element β ∈ C q−1 × C q−1 of order q − 1 stabilizing exactly three F q -rational points, say P, Q ∈ ℓ and R / ∈ ℓ. Then β does not commute with any elation α ∈ E * q (because α does not stabilize R), so that E * q is a unique conjugacy class under β ; also, the elation β −1 αβ has the same center of α. With a dual argument, if E q is made by elations with the same center, then they also have the same axis. This implies that E q is made by the elations with given common center C and axis ℓ, and a complement C q−1 × C q−1 is identified by an F q -rational triangle {C, A, B} with A ∈ ℓ \ {C} and B / ∈ ℓ. Since G is transitive on the F q -rational triangles T and G T /(C q−1 × C q−1 ) acts as Sym(3) on the vertexes of T , H is unique up to conjugation in G, and we can assume that H is as in Equation (10) . Clearly N G (H) ≤ N G (E q ). Using Equations (9) and (10), it is easily checked that N G (H) = H.
• Let H = G ℓ1,...,ℓq+1 , where ℓ 1 , . . . , ℓ q+1 are distinct lines concurrent in an F q -rational point P . Then the nontrivial elements of H are the elations and homologies with center P . The elations with center P form a group E q 2 , while the homologies with center P and a given axis ℓ form a group C q−1 . Also, E q 2 acts regularly on the (q 2 + q + 1) − (q + 1) F q -rational lines not through P , i.e. on the axes of homologies with center P . Thus, H ∼ = E q 2 ⋊ C q−1 . Since G is transitive on PG(2, q), H is unique up to conjugation in G.
As H is uniquely determined by P , we have N G (H) = G P . Since [G P : H] = |PSL(2, q)| and H is the kernel of G P in its action on the pencil of lines through P , we have that N G (H)/H ∼ = PSL(2, q). Since G P \ H contains no involutions, this is a non-split extension N G (H) ∼ = H . PSL(2, q).
• With a dual argument with respect to the one used in the previous point, one shows that G has a unique conjugacy class of subgroups H ∼ = E q 2 ⋊ C q−1 such that H = G P1,...,Pq+1 for some distinct points P 1 , . . . , P q+1 collinear in an F q -rational line ℓ, and that N G (H) = G ℓ ∼ = H . PSL(2, q).
• Let H = G ℓ,r , where ℓ and r are two distinct F q -rational lines meeting in P . Then H contains the group E q 2 of elations with center P , and the pointwise stabilizer C q−1 × C q−1 of an F q -rational triangle {P, Q, R}, where Q ∈ ℓ \ {ℓ} and R ∈ r \ {P }; they generate a group E q 2 ⋊ (C q−1 × C q−1 ). Every 2-element in G P \ E q 2 has order 4 and does not stabilize two distinct lines; every nontrivial element in G P of order dividing q + 1 does not stabilize two distinct F q -rational lines. Since H ≤ G P and |G P | = q 3 (q − 1) 2 (q + 1), this implies H ∼ = E q 2 ⋊ (C q−1 × C q−1 ). Since G is transitive on the couples of distinct F q -rational lines, H is unique up to conjugation in G.
The normalizer N G (H) acts on {ℓ, r}. Since H is the pointwise stabilizer of {ℓ, r} in G, we have N G (H) = H ⋊ C 2 , where C 2 is generated by a suitable elation with center C = P and axis CP (the elations with center C and axis CP act transitively on the F q -rational lines through P different from CP ).
• Let H = G P,Q , where P and Q are two distinct F q -rational points. With a dual argument with respect to the one used in the previous point, one shows that G has a unique conjugacy class for the stabilizer of two F q -rational points, H ∼ = E q 2 ⋊ (C q−1 × C q−1 ), and N G (H) = H ⋊ C 2 .
• Let H = G P,ℓ , where P is an F q -rational point and ℓ is an F q -rational line with P / ∈ ℓ. Since G is transitive on the F q -rational non-incident point-line couples (P, ℓ), we can assume P = (1, 0, 0) and ℓ : X = 0; hence,
Viceversa, if H ≤ G is isomorphic to GL(2, q), then H has a normal cyclic subgroup C q−1 of homologies; hence, H ≤ G P,ℓ where P and ℓ are the center and axis of the homologies in C q−1 , satisfying P / ∈ ℓ. This implies that H is unique up to conjugation in G. The normalizer N G (H) stabilizes P and ℓ. Since the stabilizer G P of P in G is transitive on the q 2 F q -rational lines not passing through P , and H has index q 2 in G P , we have that N G (H) = H.
• Let H = G P,ℓ , where P is an F q -rational point and ℓ is an F q -rational line with P ∈ ℓ. Since G is transitive on the F q -rational incident point-line couples (P, ℓ), we can assume P = (1, 0, 0) and
where P is the unique F q -rational fixed point of S 2 , and ℓ is the unique F q -rational fixed line of S 2 ; note that P ∈ ℓ. This implies that H is unique up to conjugation in G. The normalizer N G (H) stabilizes P and ℓ. Since the stabilizer G P of P in G is transitive on the q + 1 F q -rational lines passing through P , and H has index q + 1 in G P , we have that N G (H) = H. (2) is the intersection of maximal subgroups of G.
Proposition 5.2. Every group H in Equation

Proof.
• Let H = S 2 ⋊ (C q−1 × C q−1 ). As shown in Proposition 5.1 H ≤ G P,ℓ , for some F q -rational point P and line ℓ with P ∈ ℓ. Also, the orbit-stabilizer theorem implies that H = G P,ℓ , because G P has order |H| · (q + 1) and is transitive on the q + 1 F q -rational lines through P . Thus, H = G P ∩ G ℓ .
• Let H = GL(2, q). As shown in Proposition 5.1, H = G P ∩ G ℓ for some F q -rational point P and line ℓ with P / ∈ ℓ.
an F q -rational triangle T . Being abelian, the subgroup E q 2 is made either by elations with the same axis ℓ, or by elations with the same center C. In the former case, E q 2 contains all the elations with axis ℓ; also, C q−1 × C q−1 acts on ℓ, so that ℓ is one side of the triangle T . Thus, H ≤ G P,Q , where P, Q ∈ ℓ(F q ). Since G is 2-transitive on PG(2, q), the orbit-stabilizer theorem implies H = G P,Q = G P ∩ G Q .
In the latter case, E q 2 contains all the elations with center C; also, C q−1 × C q−1 stabilizes C, so that C is a vertex of T . Thus, H ≤ G ℓ,r , where ℓ and r are the two sides of T passing through C. Since G is 2-transitive on the F q -rational lines of PG(2, q), the orbit-stabilizer theorem implies H = G ℓ,r = G ℓ ∩ G r .
• Let H ≤ G be isomorphic to E q 2 ⋊ C q−1 and such that H stabilizes at least three distinct points P 1 , P 2 , P 3 . Then P 1 , P 2 , P 3 are collinear, say ℓ is the line through them, and E q 2 is made by all elations in G with center on ℓ; also, C q−1 is a group of homology with axis ℓ (note that ℓ is F q -rational). Then H ≤ G P1,...,Pq+1 , where P 1 , . . . , P q+1 are the F q -rational points of ℓ. Since G ℓ ∼ = (E q 2 ⋊ C q−1 ) . PSL(2, q) and E q 2 ⋊ C q−1 is the kernel of G ℓ in its action on ℓ, we have that
• Let H ≤ G be isomorphic to E q 2 ⋊C q−1 and such that H stabilizes t least three distinct lines ℓ 1 , ℓ 2 , ℓ 3 .
With a dual argument to the one used in the previous point it is shown that G = G ℓ1 ∩ · · · ∩ G ℓq+1 , where ℓ 1 , . . . , ℓ q+1 are distinct concurrent F q -rational lines.
• Let H = E q ⋊ (C q−1 × C q−1 ). Up to conjugation, H is the group in Equation (10); hence, H ≤ G P,Q,ℓ,r , where
and is transitive on the q 2 + q F q -rational lines different from ℓ, we have |G ℓ,r | = |G ℓ,r,P | = q 2 (q − 1) 2 ; since G ℓ,r,P is transitive on the q F q -rational points of r \ {P }, we have |G P,Q,ℓ,r | = q(q − 1) 2 = |H|.
• Let H = (C q−1 × C q−1 ) ⋊ C 2 . Then H stabilizes an F q -rational triangle T = {P, Q, R}; also, C q−1 ⋊ C q−1 is the pointwise stabilizer of T in G and all complements C 2 stabilize one of the vertexes, say P , interchanging Q and R. Thus, H = G P ∩ G QR ∩ G T ; also, G is not contained in any other maximal subgroup of G.
• Let H = E q ⋊ C q−1 with no nontrivial elements of E q and C q−1 commuting; assume also that H stabilizes three distinct collinear points and another F q -rational line ℓ not through these points. Let P 1 , . . . , P q+1 be the collinear F q -rational points fixed by H. Then, as shown in Proposition 5.1, H is the subgroup of G stabilizing ℓ linewise and P 1 P 2 pointwise; that is, H = G P1 ∩· · ·∩G Pq+1 ∩G P1P2 ∩G ℓ . Also, H is not contained in any other maximal subgroup of G.
• Let H = E q ⋊ C q−1 , with no nontrivial elements in E q and C q−1 commuting, and such that H stabilizes at least three distinct concurrent lines and a point P distinct from the intersection of the concurrent lines. Then H stabilizes q + 1 concurrent distinct F q -rational lines ℓ 1 , . . . , ℓ q+1 , their F qrational common point C, and another F q -rational point P . Thus, H = G ell1 ∩· · · ∩G ℓq+1 ∩G C ∩G P ; no other maximal subgroup of G contains H.
• Let H = C 2(q−1) = α . As shown in the proof of Proposition 5.1, α 2 is a homology with center P and axis ℓ and α q−1 is an elation with center C ∈ ℓ and axis CP . Then α stabilizes C, P, CP, ℓ, and no other points or lines. Also, H stabilizes q distinct F q -rational triangles T i = {P, Q i , R i }, i = 1, . . . , q, where {Q 1 , R 1 }, . . . , {Q q , R q } are the orbits of α on ℓ(F q ) \ {C}; α does not stabilize any other F q -rational triangle, because the triangles stabilized by α 2 have one vertex in P and two vertexes in ℓ. Hence, H ≤ G C,P,CP,ℓ,T1,...,Tq , and H is not contained in any other maximal subgroup of G. The stabilizer G T1,T2 of any two triangles described above stabilizes P as the points Q i , R i are collinear; since {Q − 1, R 1 } and {Q 2 , R 2 } have length 2, the pointwise stabilizer of {Q 1 , R 1 , Q 2 , R 2 } has index at most 2 in G T1,T2 . Using G P,Q1,R1,Q2,R2 = C q−1 , this implies |G C,P,CP,ℓ,T1,...,Tq | ≤ |H|.
and H is not contained in any other maximal subgroup of G.
• Let H = E q ≤ G P1,...,Pq+1,ℓ1,...,ℓq+1 , where P 1 , . . . , P q+1 are distinct F q -rational collinear points and ℓ 1 , . . . , ℓ q+1 are distinct F q -rational lines concurrent in P 1 ; say, ℓ 1 is the line through P 1 , . . . , P q+1 . Hence, H is the group of elations with center P 1 and ℓ 1 . Clearly no element in G \ E q stabilizes P 1 , . . . , P q+1 , ℓ 1 , . . . , ℓ q+1 ; thus,
..,Pq+1,ℓ1,...,ℓq+1 , where P 1 , . . . , P q+1 are distinct F q -rational collinear points, say ℓ is the line through them, and ℓ 1 , . . . , ℓ q+1 are distinct F q -rational lines concurrent in a point P / ∈ ℓ. Hence, H is the group of homologies with center P and axis ℓ. Clearly no element in G \ C q−1 stabilizes P 1 , . . . , P q+1 , ℓ 1 , . . . , ℓ q+1 ; thus, H = G P1,...,Pq+1,ℓ1,...,ℓq+1,P,ℓ . Also, the F q -rational triangles stabilized by H are exactly the q+1 2 triangles {P, P i , P j } with i, j ∈ {1, . . . , q + 1}. If H is contained in a maximal subgroup PSL(3, 2) of G, then q = 8 and PSL(3, 2) contains a subgroup C 2(q−1) of order 14, a contradiction. Thus,
) and H is not contained in any other maximal subgroup of G.
• Let H = E 4 ⋊ Sym(3) ≤ G P with P ∈ PG(2, q). From the results on H of Proposition 5.1 and a double counting argument follows that H is contained in a unique maximal subgroup PSL(3, 2) of G; note that H is maximal in PSL (3, 2) . By the proof of Proposition 5.1 and order reason, the following hold:
where ℓ is an F q -rational line with P ∈ ℓ. Also, H ≤ G P,ℓ ∼ = GL(2, q) with P / ∈ ℓ because H has elements of order 4 unlikely GL(2, q). Thus, H = G P ∩ PSL(3, 2) and H is not contained in any other maximal subgroup of G.
• Let H = E 4 ⋊ Sym(3) ≤ G ℓ where ℓ is an F q -rational line. Arguing as in the previous point, H = G ℓ ∩ PSL(3, 2) for a maximal subgroup PSL(3, 2) of G; no other maximal subgroup of G contains H.
• Let H = C 7 ⋊ C 3 . By the proof of Proposition 5.1 and a double counting argument we have H ≤ GT ∩ PSL(3, 2), for a maximal subgroup PSL(3, 2) of a maximal subgroup GT of G stabilizing a triangleT ;T is F q -rational or not according to p = 3 or p > 3, respectively. Also, H is not contained in any other maximal subgroup of G. As H is maximal in PSL(3, 2), we have H = GT ∩ PSL(3, 2).
• Let H = C 4 ⋊ C 2 . By Proposition 5.1 and a double counting argument, H is contained in exactly q 2 distinct maximal subgroups M 1 , . . . , M q/2 isomorphic to PSL(3, 2) of G. Also, H = M i ∩ M j for any i = j, because the unique proper subgroups of M i properly containing H are isomorphic to E 4 ⋊ Sym(3) and are contained in a unique PSL(3, 2), as shown above. The group H stabilizes the fixed F q -rational point P and the fixed F q -rational line ℓ of its normal subgroup C 4 ; no other points or lines are stabilized by H.
, and no other maximal subgroup of G contains H.
• Let H = C 7 ≤ G T,Π for some triangle T = {P 1 , P 2 , P 3 } and subplane Π of order 2. If p = 3 then H ≤ G P1,P2,P3,P1P2,P1P3,P2P3,T , while H ≤ G T if p = 3; H does not stabilize any other F q -rational point or F q -rational line or triangle. By Proposition 5.1 and a double counting argument, the number of maximal subgroups M i of G isomorphic to PSL(3, 2) containing H is equal to 7 if p = 3, and to
if p > 3. As shown above, the overgroups C 7 ⋊ C 3 of H are not contained in more than one group PSL(3, 2), so that M 1 ∩ M 2 = H. Thus,
)/7 according to p = 3 or p > 3, and no other maximal subgroup of G contains H.
• Let H = Sym(3) = α ⋊ β with o(α) = 3, o(β) = 2. Let P ∈ PG(2, q) and Q, R ∈ PG(2, q 2 ) \ PG(2, q) be the fixed points of α; then the line QR is F q -rational and contains the center C of β, whose axis is CP . Hence, P and QR are the unique F q -rational point and line stabilized by H. By the proof of Proposition 5.1 and a double counting argument, H is contained in exactly q − 1 distinct maximal subgroups G T1 , . . . , G Tq−1 of G stabilizing an F q -rational triangle, and H is contained in exactly q − 1 distinct maximal subgroups M 1 , . . . , M q−1 of G isomorphic to PSL (3, 2) . Also, H = M i ∩ M j for any i = j, because the unique proper subgroups of M i properly containing H are isomorphic to E 4 ⋊ Sym(3) and are contained in a unique PSL(3, 2), as shown above. Thus
• Let H = C 4 = α . Then α stabilizes exactly one F q -rational point P and one F q -rational line ℓ, with P ∈ ℓ; no other points or lines are stabilized by H. By Proposition 5.1 and a double counting argument, H is contained in exactly 
• Let H = E 4 ≤ G P1,P2,P3 for some distinct collinear F q -rational points P 1 , P 2 , P 3 , each of whose is the center of an elation of H; the common axis is the line ℓ = P 1 P 2 P 3 . By Proposition 5.1, H is contained in exactly
. Also, ℓ is the unique line stabilized by H, and the q + 1 F q -rational points P 1 , . . . , P q+1 of ℓ are the unique F q -rational points stabilized by H. Since exactly q 2 of the
• Let H = E 4 ≤ G ℓ1,ℓ2,ℓ3 for some distinct F q -rational lines ℓ 1 , ℓ 2 , ℓ 3 concurrent in a point P ; for any i = 1, 2, 3, ℓ i is the axis of an elation of H, whose center is P . Arguing as in the previous point, one shows
, where ℓ 1 , . . . , ℓ q+1 are the F q -rational lines through P , and M 1 , . . . , M q 2 /4 are maximal subgroups of G isomorphic to PSL (3, 2) ; no other maximal subgroup of G contains H.
• Let H = C 3 = α , with fixed points P ∈ PG(2, q) and Q, R ∈ PG(2, q 2 ) \ PG(2, q). Then P and ℓ = QR are the unique F q -rational point and line stabilized by H. By Proposition 5.1 and a double counting argument, H is contained in exactly: PSL(3, 2) . Also, G Ti ∩ GT j = H by order reason. Thus,
and no other maximal subgroup of G contains H.
• Let H = C 2 = α . Let P 1 , . . . , P q+1 be the F q -rational points of the axis of α, and ℓ 1 , . . . , ℓ q+1 be the F q -rational lines through the center of α. By Proposition 5.1 and a double counting argument, H is contained in exactly
, and in exactly
and no other maximal subgroups of G contain H.
• Let H = {1}. As G is simple, H is the Frattini subgroup of G.
Proposition 5.3. Let H < G be the intersection of maximal subgroups of G. Then H is one of the groups in Equations (1) and (2).
Proof. The claim is proved as follows: we consider every subgroup K < G in Equation (2), starting from the maximal subgroups of G; then, for any maximal subgroup M of G satisfying K ≤ M , we define H = K ∩ M and show that H is one of the groups in Equation (2).
• Let K = G P with P ∈ PG(2, q).
-
for some F q -rational triangle T = {A, B, C}, then either P is a vertex of T , or P is not a vertex but on a side of T , or P is not on the sides of T . In the first case, say P = A, we have H = G P,{B,C} = (C q−1 × C q−1 ) ⋊ C 2 . In the second case, say P ∈ BC \ {B, C}, we have H = G A,P,{B,C} = C 2(q−1) . In the third case, no nontrivial element of C q−1 × C q−1 stabilizes P ; hence, H ≤ Sym(3). -If H = K ∩ GT for some non-F q -rational triangle T , then by Lagrange's theorem H ≤ C 3 .
-If H = K ∩ PSL(3, 2) = G P,Π for some subplane Π of PG(2, q) of order 2, then either P / ∈ Π and H = {1}; or P ∈ Π and H = PSL(3, 2) P ∼ = E 4 ⋊ Sym(3).
• Let K = G ℓ for some F q -rational line ℓ.
for some F q -rational triangle T , then either ℓ is a side of T , and H = (C q−1 × C q−1 ) ⋊ C 2 ; or ℓ contains exactly one vertex of T , and H = C 2(q−1) ; or ℓ does not contain any vertex of T , and H ≤ Sym(3). -If H = K ∩ GT for some non-F q -rational triangleT , then by Lagrange's theorem H ≤ C 3 .
-If H = K ∩ PSL(3, 2) = G ℓ,Π for some subplane Π of PG(2, q) of order 2, then either ℓ is not a line of Π and H = {1}; or ℓ is a line of Π and H = PSL(3, 2) ℓ ∼ = E 4 ⋊ Sym(3).
• Let K = G T for some F q -rational triangle T = {A, B, C}.
THE MÖBIUS FUNCTION OF PSL(3, 2
p ) FOR ANY PRIME p 21
, or some nontrivial element of H stabilizes T and T ′ pointwise. Suppose the second case holds. Then T ∪ T ′ ⊂ {P } ∪ ℓ for some F q -rational point P and line ℓ. Hence, T and T ′ have a vertex in common, say A = A ′ = P . If T and T ′ have another vertex in common, then H stabilizes T ∪ T ′ pointwise and is the group C q−1 of homologies with center P and axis ℓ. If T ∩ T ′ = {A}, then H = C 2(q−1) , where the subgroup C q−1 of H is made by the homologies with center P and axis ℓ, and the subgroup C 2 of H is given by the elation with axis through P and orbits {B, C} and {B ′ , C ′ }. -If H = K ∩ GT for some non-F q -rational triangleT , then H ≤ C 3 by Lagrange's theorem.
-If H = K ∩ PSL(3, 2) = G T,Π for some subplane Π of PG(2, q) of order 2, then either q > 8, and H ≤ Sym(3) by Lagrange's theorem; or q = 8. If q = 8 and H ≤ C 3 , then by direct checking with Magma H = C 7 ⋊ C 3 .
• Let K = GT for some non-F q -rational triangleT .
-If H = K ∩ GT ′ for some non-F q -rational triangleT ′ =T , then H ≤ C 3 because no nontrivial element of C q 2 +q+1 stabilizes more than one non-F q -rational triangle.
-If H = K ∩ PSL (3, 2) and H ≤ C 3 , then H has a subgroup C 7 , whose normalizer is K; hence,
The only proper subgroups of PSL(3, 2) not appearing in Equation (2)are isomorphic to E 4 ⋊ C 3 ; assume that H contains E 4 ⋊ C 3 . Let Λ ⊂ PG(2, q) be the pointset containing the centers of the three elations in E 4 and the F qrational points stabilized by one of the four subgroups C 3 of H. Then Λ has seven F q -rational points and is a subplane of PG(2, q) of order 2; thus Λ = Π = Π ′ and H = PSL(3, 2).
• Let K = S 2 ⋊ (C q−1 × C q−1 ) = G P,ℓ for some F q -rational point P and line ℓ with P ∈ ℓ.
-If H = K ∩ G Q for some Q ∈ PG(2, q) \ {P }, then either Q ∈ ℓ and
C}, then one of the following holds:
* P is a vertex and ℓ is a side of T . Then H = G A,B,C = C q−1 × C q−1 . * P is a vertex of T , say P = A, and ℓ is not a side of T . Then H = G P,BC∩ℓ,{B,C} = C 2(q−1) . * P is not a vertex of T and ℓ is a side of T , say ℓ = BC. Then H = G P,A,{B,C} = C 2(q−1) . * P is not a vertex but is on a side of T , say P ∈ BC, and ℓ is not a side of T . If A ∈ ℓ, then G = G P,A,{B,C} = C 2(q−1) ; if A / ∈ ℓ, then G = G P,A,{B,C},{ℓ∩AB,ℓ∩AC} = C 2 . * P is not on a side of T and ℓ is not a side of T . Then {P, A, B, C} is a projective frame, so that H acts faithfully on T and H ≤ Sym(3). -If H = K ∩ GT for some non F q -rational triangleT , then H = {1} by Lagrange's theorem.
-If H = K ∩ PSL(3, 2) = G P,ℓ,Π for some subplane Π of order 2, then H is nontrivial only if P and ℓ are a point and a line of Π; in this case, H = C 4 ⋊ C 2 .
• Let K = GL(2, q) = G P,ℓ for some F q -rational point P and line ℓ with P / ∈ ℓ. -If H = K ∩G Q for some F q -rational point Q = P , then either Q ∈ ℓ and H = E q ⋊(C q−1 ×C q−1 ); or Q / ∈ ℓ and H = G P,Q,P Q∩ℓ,ℓ = E q ⋊ C q−1 . -If H = K ∩ G r for some F q -rational line r = P , then either P ∈ r and H = E q ⋊ (C q−1 × C q−1 ); or P / ∈ r and H = E q ⋊ C q−1 . -If H = K ∩ G T for some F q -rational triangle T = {A, B, C}, then one of the following holds: * P is a vertex of T , say P = A, and G P,T = (C q−1 × C q−1 ) ⋊ C 2 . Then either H = (C q−1 × C q−1 ) ⋊ C 2 or H = {1} or H = C 2 according to ℓ = BC or ℓ ∩ BC ∈ {B, C} or ℓ ∩ BC / ∈ {B, C}, respectively. * P is not a vertex but on a side of T , say P ∈ BC \ {B, C}, and G P,T = C 2(q−1) . Then either H = {1} or H = C q−1 is made by the homologies with center A and axis BC, according to A / ∈ ℓ or A ∈ ℓ, respectively. * P is not on a side of T and G P,T ≤ Sym(3) Then H ≤ Sym(3).
-If H = K ∩ GT for some non-F q -rational triangleT , then H ≤ C 3 by Lagrange's theorem.
-If H = K ∩ PSL(3, 2) = G P,ℓ,Π for some subplane Π of order 2, then H = {1} unless P is a point and ℓ a line of Π; in this case,
, C}, then either P, Q are vertices of T and H = C q−1 × C q−1 ; or P, Q are not both vertices but still on the same side of T , say P Q = AB, and H = C q−1 is made by the homologies with center C and axis AB; or P, Q are not on the same side of T and {P, Q, A, B, C} contains a projective frame, so that no nontrivial element in K stabilizes T pointwise and H ≤ Sym(3).
-If H = K ∩ P SL(3, 2) = G P,Q,Π for some subplane Π of order 2, then either {P, Q} ⊂ Π and H = {1}, or {P, Q} ⊂ Π and H = E 4 is given by the elations of PSL(3, 2) with center on P Q.
for some F q -rational lines ℓ, r with ℓ, r. Dual arguments with respect to the ones used in the previous point show that K ∩ M is in Equation (2) for any maximal subgroup M of G.
..,Pq+1 where the distinct points P 1 , . . . , P q+1 are collinear in an F qrational line ℓ.
-If H = K ∩ G P with P ∈ PG(2, q) \ ℓ, then H = C q−1 is made by the homologies with center P and axis ℓ.
-If H = K ∩ G T for some F q -rational triangle T , then either T has two vertices on ℓ and H = C q−1 ; or T has just one vertex on ℓ and H = C 2 ; or T has no vertices on ℓ and H = {1}. -If H = K ∩ GT for some non-F q -rational triangleT , then H = {1} by Lagrange's theorem.
-If H = K ∩ PSL(3, 2) with PSL(3, 2) = G Π , then either ℓ is not a line of Π and H = {1}; or ℓ is a line of Π and H = E 4 is made by the elations of PSL(3, 2) with center on ℓ.
where the distinct lines ℓ 1 , . . . , ℓ q+1 are concurrent in an F q -rational point. Dual arguments with respect to the ones used in the previous point show that K ∩ M is in Equation (2) for any maximal subgroup M of G.
,ℓ,r where P, Q ∈ PG(2, q), P = Q, r = P Q, and ℓ = r is another F q -rational line with P ∈ ℓ.
-If H = K ∩ G R with R ∈ PG(2, q) \ {P, Q}, then either R ∈ r and H = E q ⋊ C q−1 ; or R ∈ ℓ and H = C q−1 × C q−1 ; or R / ∈ r and H = C q−1 is made by the homologies with center P and axis QR.
-If H = K ∩ G s for some F q -rational line s different from ℓ and r, then dual arguments show that either
and some nontrivial element σ of H stabilizes T pointwise. Suppose the second case holds. If one point in {P, Q} is not on any side of T , or one line in {r, ℓ} does not pass through any vertex of T , then σ stabilizes pointwise a projective frame, a contradiction to σ = 1. Hence, P, Q are on some side of T and r, ℓ pass through some vertex of T . Also, H = C q−1 is a group of homologies, unless P, Q are vertices of T and r, ℓ are sides of T ; in this case, H = C q−1 × C q−1 . -If H = K ∩ GT with GT = C q 2 +q+1 ⋊ C 3 , then H = {1} by Lagrange's theorem.
-If H = K ∩ PSL(3, 2) and H = {1}, then H = C 2 is given by the unique elation of PSL (3, 2) with axis P Q and center P .
• Let K = (C q−1 × C q−1 ) ⋊ C 2 = G P,T for some P ∈ PG(2, q) and some F q -rational triangle T = {P, Q, R}.
-If H = K ∩ G A with A ∈ PG(2, q) \ {P }, then either A ∈ {Q, R} and H = C q−1 × C q−1 ; or A ∈ QR\{Q, R} and H = C 2(q−1) ; or A ∈ (P Q∪P R)\T and H = C q−1 is made by homologies; or A is not on the sides of T and H = C 2 .
, then a nontrivial subgroup of H stabilizes T ∪ T ′ pointwise. This implies that either H = C 2(q−1) or C q−1 is a group of homologies, according to |T ∩ T ′ | = 1 or |T ∩ T ′ | = 2, respectively.
2) with PSL(3, 2) = G Π and H = {1}, then either H = C 2 , or p = 3 and H = C 7 .
• Let K = C q−1 × C q−1 = G A,B,C for some F q -rational triangle {A, B, C}, and H = K ∩ M for some maximal subgroup M of G such that {1} < H < K. Then one of the following holds: -p > 3, M is of type G P or G ℓ or G T , and H is a group C q−1 of homologies; -p = 3, M is of type G T , and H ∼ = C 7 stabilizes exactly the points A, B, C.
..,Pq+1,ℓ , where P 1 , . . . , P q+1 are collinear points lying on an F q -rational line r and ℓ = r is another F q -rational line meeting r in P 1.
-If H = K ∩ G P with P ∈ PG(2, q) \ r, then either P ∈ ℓ and H is a group C q−1 of homologies, or P / ∈ ℓ and H = {1}. -If H = K ∩ G s for some F q -rational line s, then either P 1 ∈ s and H is the group E q of elations with center P 1 and axis r, or P 1 / ∈ s and H is a group C q−1 of homologies.
..,ℓq+1,P with ℓ 1 , . . . , ℓ q+1 distinct F q -rational lines concurrent in a point C, and P ∈ PG(2, q) \ {C}. Dual arguments with respect to the ones used in the previous point show that H = K ∩ M is in Equation (2), for every maximal subgroup M of G.
Then it is easily seen that either H = C 2 is given by the elation of H, or H = C q−1 is given by the homologies of H.
• Let K = E q be the group of elations with given axis and center, and H = K ∩ M , where M is a maximal subgroup of G such that {1} < H < K. Then it is easily seen that M is of type G T or PSL (3, 2) , and that H = C 2 .
• Let K = C q−1 be the group of homologies with given axis and center, and H = K ∩ M , where M is a maximal subgroup of G such that H < K. Then it is easily seen that H = {1}.
• Let K be one of the groups E 4 ⋊ Sym(3) to {1} in Equation (2) . Then every subgroup of K is in Equation (2), apart from the subgroup E 4 ⋊ C 3 which is not intersection of maximal subgroups, as shown in a previous point.
Proposition 5.4. Let H < G be one of the groups in Equation (2) . Then the Möbius function µ(H) is given in Equation (4).
Proof.
• Let H = S 2 ⋊ (C q−1 × C q−1 ). Hence H = G P ∩ G ℓ for some F q -rational point P and line ℓ with P ∈ ℓ; no other maximal subgroup of G contains H. By Proposition 3.1, µ(H) = 1.
• Let H = GL (2, q) . Hence H = G P ∩ G ℓ for some F q -rational point P and line ℓ with P / ∈ ℓ; no other maximal subgroup of G contains H. By Proposition 3.1, µ(H) = 1.
• Let H = E q 2 ⋊ (C q−1 × C q−1 ) = G P,Q for some F q -rational distinct points P, Q. Then H = G P ∩ G Q ∩ G P Q , and no other maximal subgroups of G contain H.
no other maximal subgroups of G contain H, and µ(H) = 0.
..,Pq+1 , with P 1 , . . . , P q+1 collinear in a line ℓ, be the group of elations or homologies with axis ℓ.
The overgroups of H in Equation (2) are the following: q + 2 groups G Pi , G ℓ ; q + 1 groups G Pi,ℓ ; and groups G Pi,Pj . Thus, by direct computation, µ(H) = 0.
• Let H = E q 2 ⋊ C q−1 = G ℓ1,...,ℓq+1 , with ℓ 1 , . . . , ℓ q+1 concurrent in a point P ∈ PG(2, q). The overgroups of H in Equation (2) are the following: q + 2 groups G ℓi , G P ; q + 1 groups G ℓi,P ; groups G Pi,Pj . Thus, µ(H) = 0.
• Let H = E q ⋊ (C q−1 × C q−1 ), so that H = G P ∩ G Q ∩ G P Q ∩ G ℓ for some F q -rational distinct points and lines P, Q, P Q, ℓ with P ∈ ℓ; no other maximal subgroup of G contains H. The overgroups of H in Equation (2) are the following: G P , G Q , G P Q , G ℓ , G Q,P Q , G P,P Q , G P,ℓ , G Q,ℓ , G P,Q , G P Q,ℓ . Thus, µ(H) = −1.
• Let H = (C q−1 ×C q−1 )⋊C 2 . Then H = G P ∩G QR ∩G T for some F q -rational triangle T = {P, Q, R}; no other maximal subgroup of G contains H. The overgroups of H in Equation (2) are the following: G P , G QR , G T , G P,QR . Thus, µ(H) = 1.
• Let H = C q−1 × C q−1 . Then, for some distinct points P, Q, R ∈ PG(2, q), we have H = G P ∩ G Q ∩ G R ∩ G P Q ∩ G P R ∩ G QR ∩ G T , where T = {P, Q, R}; no other maximal subgroup of G contains H. The overgroups of H in Equation (2) are the following: 7 maximal subgroups of G; 9 groups of type G A,ℓ , where A and ℓ are a vertex and a side of T ; 3 groups (C q−1 × C q−1 ) ⋊ C 2 = G A,T , where A is a vertex of T ; 6 groups E q ⋊ (C q−1 × C q−1 ) stabilizing 2 vertices and 2 sides of T . Thus, µ(H) = 0.
• Let H = E q ⋊ C q−1 = G P1,...,Pq+1,ℓ where P 1 , . . . , P q+1 are the F q -rational points of a line r = ℓ; let P 1 = r ∩ ℓ. Then H = G P1 ∩ · · · ∩ G Pq+1 ∩ G r ∩ G ℓ , and no other maximal subgroup of G contains H. The overgroups of H in Equation (2) are the following: q + 3 maximal subgroups of G; 2q + 2 groups of type G P,ℓ ; groups G Pi,Pj , G r,ℓ , G P1,...,Pq+1 ; q groups G P1,Pi,r,ℓ . Thus, µ(H) = 0.
• Let H = E q ⋊ C q−1 = G ℓ1,...,ℓq+1,P where ℓ 1 , . . . , ℓ q+1 are F q -rational lines concurrent in a point C, and P ∈ PG(2, q) \ {P }. The overgroups of H in Equation (2) are the following: q + 3 maximal subgroups of G; 2q + 2 groups of type G P,ℓ ; groups G ℓi,ℓj , G C,P , G ℓ1,...,ℓq+1 ; q groups G P,C,P C,ℓi . Thus, µ(H) = 0.
• Let H = C 2(q−1) . Then H = G C ∩ G P ∩ G CP ∩ G ℓ ∩ G T1 ∩ · · · ∩ G Tq , where C, P ∈ PG(2, q) with C = P , ℓ is an F q -rational line through C with ℓ = CP , T 1 , . . . , T q are F q -rational triangles with a vertex in P and two vertices on ℓ. No other maximal subgroup of G contains H. The overgroups K of H in Equation (2) with µ(K) = 0 are the following: q + 4 maximal subgroups of G; 4 groups of type G A,r with A and r an F q -rational point and line; 1 group E q ⋊ (C q−1 × C q−1 ); q groups (C q−1 × C q−1 ) ⋊ C 2 . Thus, µ(H) = 0.
• Let H = E q be the group of elations with given center P 1 and axis ℓ 1 ; let P 1 , . . . , P q+1 be the F q -rational points of ℓ 1 and ℓ 1 , . . . , ℓ q+1 be the F q -rational lines through P 1 . Then H = G P1 ∩ · · · ∩ G Pq+1 ∩ G ℓ1 ∩ · · · ∩ G ℓq+1 and no other maximal subgroup of G contains H. of H in Equation (2) with µ(K) = 0 are the following: 2q + 2 maximal subgroups of G; (q + 1) 2 groups of type G P,ℓ with F q -rational point P and line ℓ; q 2 groups E q ⋊ (C q−1 × q−1 ) = G P1,Pi,ℓ1,ℓj , i, j ∈ {2, . . . , q + 1}. Thus, µ(H) = 0.
• Let H = C q−1 be the group of homologies with given center P and axis ℓ. Let ℓ 1 , . . . , ℓ q+1 be the F q -rational lines through P and P 1 , . . . , P q+1 be the F q -rational points of ℓ; let T 1 , . . . , T q(q+1)/2 be the F q -rational triangles with a vertex in P and two vertices on ℓ. Then H = G P1 ∩ · · · ∩ G Pq+1 ∩ G ℓ1 ∩ · · · ∩ G ℓq+1 ∩ G P ∩ G ℓ ∩ G T1 ∩ · · · ∩ G T q(q+1)/2 ; no other maximal subgroup of G contains H. The overgroups K of H in Equation (2) with µ(K) = 0 are the following:
+ 2q + 4 maximal subgroups of G; (q + 2) 2 groups of type G A,r with F q -rational point A and line r; (q + 1) 2 + (q + 1)q groups E q ⋊ (C q−1 × C q−1 ); q+1 2 + (q + 1)q groups (C q−1 × C q−1 ) ⋊ C 2 . Thus, µ(H) = 0.
• Let H = G P,Π ∼ = E 4 ⋊ Sym(3) be the stabilizer of a subplane Π of order 2 and of a point P ∈ Π. Let PSL(3, 2) be the stabilizer of Π in G. Then H = G P ∩ PSL (3, 2) and no other maximal subgroup of G contains H. By Proposition 3.1, µ(H) = 1.
• Let H = G ℓ,Π ∼ = E 4 ⋊ Sym(3) be the stabilizer of a subplane Π of order 2 and of a line ℓ of Π. As in the previous point, µ(H) = 1.
• Let H = C 7 ⋊ C 3 . LetT be the triangle stabilized pointwise by C 7 ;T is F q -rational or not according to p = 3 or p > 3. Let M be the only maximal subgroup of G isomorphic to PSL(3, 2) and containing H. Then H = GT ∩ M and no other maximal subgroup of G contains H. By Proposition 3.1, µ(H) = 1.
• Let H = C 4 ⋊ C 2 . As shown in the proof of Proposition 5.2, H = G P ∩ G ℓ ∩ M 1 ∩ · · · · M q/2 and no other maximal subgroup of G contains H, where P ∈ ℓ and M 1 , . . . , M q/2 are distinct subgroups of G isomorphic to PSL(3, 2). The overgroups K of H in Equation (2) • Let H = C 7 and let H stabilize a triangleT and a subplane Π of order 2. By the proof of Proposition 5.2, the overgroups K of H in Equation (2) with µ(K) = 0 are the following: -if p = 3, 14 maximal subgroups of G, 9 groups of type G P,ℓ , 6 groups E q ⋊ (C q−1 × C q−1 ), 3 groups (C q−1 × C q−1 ) ⋊ C 2 , 7 groups C 7 ⋊ C 3 ;
-if p > 3, 1 + q 2 +q+1 7 maximal subgroups of G, q 2 + q + 1 groups GT ∩ M i ∼ = C 7 ⋊ C 3 . Thus, µ(H) = 0 in both cases.
• Let H = Sym(3). By the proof of Proposition 5.2, H = G P ∩ G ℓ ∩ G T1 ∩ · · ·∩ G Tq−1 ∩ M 1 ∩ · · ·∩ M q−1 and no other maximal subgroup of G contains H; here, P and ℓ are F q -rational point and line with P / ∈ ℓ, T 1 , . . . , T q−1 are F q -rational triangles, and M 1 , . . . , M q−1 are isomorphic to PSL(3, 2). The overgroups K of H in Equation (2) with µ(K) = 0 are the following: 2q maximal subgroups of G; G P,ℓ ; q + 1 groups G P ∩ M i and q + 1 groups G ℓ ∩ M i , both isomorphic to E 4 ⋊ Sym(3). Thus, µ(H) = 0.
• Let H = C 4 . By the proof of Proposition 5.2, H = G P ∩ G ℓ ∩ M 1 ∩ · · · ∩ M q 2 /4 and no other maximal subgroups of G contains H; here, P ∈ ℓ are an F q -rational point and line, and M 1 , . . . , M q 2 /4 are isomorphic to PSL(3, 2). The overgroups K of H in Equation (2) with µ(K) = 0 are the following:
maximal subgroups of G; G P,ℓ ;
q 2 groups of type G P ∩ G ℓ ∩ M j ∼ = C 4 ⋊ C 2 . Thus, µ(H) = 0.
• Let H = E 4 and let H stabilize three distinct collinear F q -rational points P 1 , P 2 , P 3 . By the proof of Proposition 5.2, H = G P1 ∩ · · · ∩ G Pq+1 ∩ G ℓ ∩ M 1 ∩ · · · ∩ M q 2 /4 and no other maximal subgroup of G contains H. Here, ℓ is the line P 1 P 2 P 3 whose F q -rational points are P 1 , . . . , P q+1 , and M 1 , . . . , M q 2 /4 are isomorphic to PSL(3, 2); all the subplanes Π i stabilized by one group M i contain P 1 , P 2 , P 3 . The overgroups K of H in Equation (2) with µ(K) = 0 are the following: 
